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The nature of long-range interactions between dust grains in plasma is discussed. The dust grain interaction po-
tential within a cell model of dusty plasma is introduced. The attractive part of intergrain potential is described
by multipole interaction between two electro-neutral cells. This allowed us to draw an analogy with molecu-
lar liquids where the attraction between molecules is determined by dispersion forces. The main ideas of the
ﬂuctuation theory for electrostatic ﬁeld in a cell model are formulated, and the dominating contribution to the
attractive part of intergrain potential is obtained.
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1. Introduction
Dusty (complex) plasma consists of aweakly ionized gas (plasma) and charged submicron- andmicron-
sized particles (grains). It represents a new type of soft matter. It is an interdisciplinary ﬁeld of research:
geophysics, geology, meteorology, ecology, planetary science, different applications in technology —dusty
plasmas can bring new results to all these directions. Progress in the research of dusty plasma properties
is documented in resent monographs [1–9] and review articles [10–16]. However, there are still problems
to be solved.
Dust grains being highly charged (up to 106 elementary charges per grain) substantially affect the
properties of the whole system. Dust grains can be either positively or negatively charged. The processes
of charging are very important in the theory of dusty plasma. However, we will not consider them in
the present paper (for this purpose see the above mentioned references and the recent article by the
author [17]). Under certain conditions, dust grains can form various condensed (“plasma crystal” and
“plasma liquid”) or gaseous phases depending on the relative strengths of the intergrain interaction.
In a theoretical research, the problem of describing an intergrain interaction and phase transition in a
subsystem of dust grains holds an important position.
The forces that govern the dust grains do not correspond to a direct Coulomb interaction and are long-
range ones (see e.g., work [18]). Thus, in the present paper the model intergrain potential is proposed that
predicts both the repulsion (at small distances) and the attraction (at large distances) between the dust
grains. The cell approach to dusty plasma discussed in work [17] plays an essential role in our construc-
tion. It allowed us: (i) to create a simple theory of charge ﬂuctuations and (ii) to study a long-range inter-
action between the dust grains. The approach presented can be used to describe the interaction effects in
similar systems such as the mixture of ionic and nonionic liquids [19], where spherical clusters occur.
The article is built as follows. In section 2, basic statements of the cell model and some results ob-
tained in [17] are reviewed. In section 3, we present a model intergrain interaction potential. In order
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to establish the main contribution to the attractive part of intergrain potential, we consider an electro-
neutral cell in the external electric ﬁeld in section 4, where the dipole polarizability of a cell is obtained.
Then, in section 5we present the principles of construction of the ﬂuctuation electrostatic ﬁeld inside and
outside a cell and obtain ﬂuctuation multipole moments of a cell. Moreover, the ﬂuctuation dipole mo-
ment is obtained and the main contribution to the attractive part of the intergrain potential is presented
in the explicit form. A brief discussion of the obtained results is presented in the concluding section 6.
In appendix A, we get an expression for the potential of the ﬂuctuation electrostatic ﬁeld inside a cell. In
appendix B, the energy of the ﬂuctuation electrostatic ﬁeld is obtained.
2. The cell model of complex plasma
Let us consider a system of charged dust grains of the same radii rp and the emitted electrons. The dust
grains have an average charge Ze (e is the electron charge). The system is in a thermal equilibrium (ther-
mal plasma). We assume that the complex plasma can be represented as the collection of electro-neutral
cells due to its electro-neutrality. Each cell contains only one dust grain. In the mean ﬁeld approximation,
the cells should have a spherical form of the radius
rc Æ
1
2
µ
3
4¼np
¶
1/3
, (2.1)
where np is an average dust grain density. Note, that such an approach is applicable only for describing
the equilibrium thermodynamic properties of a dusty plasma.
The electro-neutrality condition for a cell is as follows:
ZeÅ
Z
½(r)drÆ 0, (2.2)
where ½(r) is the volume-charge density, the distance r is reckoned from the center of a grain. The inte-
gration occurs over the area occupied by electrons inside a cell. Note, that in the absence of an external
electric ﬁeld, the distributions of an electric charge ½(r) and electric potential Á(r) have spherical sym-
metry: ½(r) ) ½(r ), Á(r)) Á
0
(r ). The electrostatic ﬁeld distribution is described in the self-consistent
ﬁeld approximation: the potential Á(r) satisﬁes the Poisson equation, in which the charge density ½(r) is
determined by the Boltzmann distribution.
Its use is justiﬁed by the inequality
¿c¿ ¿¤ , (2.3)
where ¿c is the time required for the formation of an electro-neutral cell around the grain, ¿¤ is the char-
acteristic macroscopic relaxation time for a system. This inequality expresses the fact that the electron
mobility substantially exceeds the mobility of other plasma components.
Reference [17] discusses the system of identical dust grains of the radius rp with the mean charge Ze,
which are in equilibrium with the emitted electrons, without an external electric ﬁeld. The problem of
proper boundary conditions for such a model is also considered therein. It is shown that (i) setting the
electrostatic potential Á equal to zero on the surface of a cell and (ii) connecting the electrostatic ﬁeld
strength on the surface of a grain with its average charge are suﬃcient conditions for a full description
of a system:
8
>
<
>
:
Á
0
(rc)Æ 0,
Á
0
(r )
r
¯
¯
¯
¯
rÆrp
Æ¡4¼¾,
(2.4)
where ¾ is the average surface charge density on a dust grain. Note, that there is no electric ﬁeld outside
a cell due to the Gauss law.
For a further analysis in [17], the dimensionless variables

r Æ
r
rp
, &Æ
rc
rp
, 
0
(

r )Æ 1Å
eÁ
0
(

r )
kT
(2.5)
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were used. Here, & and 
0
(

r ) are, respectively, the dimensionless radius of a cell and the dimensionless
potential of the electrostatic ﬁeld inside a cell, and k is the Boltzmann constant. Note, that r 2 [1,&℄. The
solution of the linearized Poisson equation (eÁ
0
(r )¿ kT ) satisfying the boundary conditions (2.4) is as
follows:

0
(
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r
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0
)¸sinh
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r
¸
Å&
¡
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
r¡1
¸
Åosh

r¡1
¸
¢
¸sinh
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¸
Åosh
&¡1
¸
. (2.6)
Here, Z
0
Æ kTrp/e
2 (typical values of Z /Z
0
» 2¡4 [15]) and¸ is the dimensionless Debye radius deﬁned as
¸Æ
rD
rp
, rD Æ
s
kT
4¼e
2
ne0
, (2.7)
where ne0 is the mean density of the emitted electrons for Á0(r ) Æ 0, i.e., on the boundary of a cell (for
r Æ rc or, in dimensionless form, r Æ &). The buffer gas is not taken into account here. Note, that in the
presented cell model dust grains do not take part in the screening.
The equation (2.2) allows one to establish the dependence of Debye radius ¸ on the average dust grain
charge Z , as it is also shown in [17]. The dependence ¸Æ ¸(Z ) is set as a root of the equation
Z
Z
0
Æ
1
¸
h
(&¡¸
2
)sinh
&¡1
¸
Å¸(&¡1)osh
&¡1
¸
i
. (2.8)
In the mean-ﬁeld approximation described above, there is no interaction between the cells. How-
ever, as it is shown below, the charge ﬂuctuations (beyond the mean-ﬁeld cell approach) can lead to the
interaction between two electro-neutral cells.
3. Averaged potential of multipole interaction between dust grains
The equilibrium value of the dust grain charge is mainly violated by the thermal electron motion.
Therefore, the ﬂuctuation electric multipole moments of cells occur and generate long-range electric
ﬁelds.
The electric ﬁeld of one cell acts on its neighbours and generates interaction effects, which are similar
to a dispersion interaction between neutral atoms (molecules). In particular, there are two interaction
mechanisms:
1. The ﬂuctuation ﬁeld of one cell polarizes the neighbour one. Therefore, the second cell gains a
certain value of inducedmultipole moments. The latter interact withmultipolemoments of the ﬁrst
cell. The average value of such an interaction is an analogue of a dispersion interaction between
neutral atoms (molecules):
©
1
Æ hWmimi, (3.1)
where index “mim” denotes the interaction between multipole and the induced multipole.
2. The interaction of ﬂuctuation multipole moments of both cells. The average value of such an inter-
action is determined in a different way:
©
2
Æ¡¯hW
2
mmi, (3.2)
where ¯Æ 1/kT .
It is easy to ascertain that both components lead to the attraction between “plasma atoms” (i.e., elec-
troneutral spherical cells). The dominating contribution in both cases is determined by “dipole–dipole”
interactions, decreasing as 1/R6 (R is an average distance between the centers of two grains). At the
same time, since the grains have charges of the same sign, repulsion forces arise at distances R Ç 2rD,
where Coulomb repulsion between dust grains is not screened. This allows us to qualitatively model the
interaction between two cells (i.e., grains) with the potential
U (R)ÆUr(R)ÅUa(R),
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whereUr(R) andUa(R) are the repulsive and the attractive parts ofU (R), respectively. The repulsive part
ofU (R) is modelled by the combination of the hard-core potential (the radius of hard-core coincides with
the radius of a grain rp) and the potential of Coulomb repulsion at distances 2rp ÇR Ç 2rD:
Ur(R)Æ
8
<
:
1, R É 2rp ;
(Ze)
2
R
, 2rp ÇR Ç 2rD .
The attractive partUa(R) is conditioned by the forces of an electric multipole interaction:
Ua(R)Æ©1(R)Å©2(R).
The proposed interaction potential can lead to the formation of ordered structures for certain values
of temperature and dust grain density. It should be noted that the random distribution of dust grains
in the volume is not taken into account. Thus, the proposed approach could be applied to the regular
homogeneous grain distribution (like in the case of dust crystals).
Let us determine the dominating contributions to ©
1
(R) and ©
2
(R) according to (3.1) and (3.2).
3.1. “Dispersion” intergrain interaction
The average energy of electrostatic “multipole–induced multipole” interaction is determined accord-
ing to (3.1) as follows:
©
1
(R)Æ hWdidiÅhWdiqiÅhWqiqiÅ . . . , (3.3)
where contributions hWdidi, hWdiqi and hWqiqi describe the averaged “dipole–induced dipole”, “dipole–
induced quadrupole” and “quadrupole–induced quadrupole” interactions, respectively.
Themain contribution hWdidi can be estimated from the following simple considerations. It was noted
above that the ﬂuctuation ﬁeld of one cell polarizes the other one. Therefore, the second cell acquires
the induced dipole moment d(ind) Æ®d/R3 , where ® is the polarizability of a cell and d is the ﬂuctuating
dipolemoment of the ﬁrst cell. Thus, the energy of “dipole–induced dipole” interaction isWdid Æ¡d¢E
(ind)
(here E(ind) Æ d(ind)/R3 is the induced ﬁeld of the second cell). The careful analysis of this problem yields:
©
1
(R)Æ hWdidiÅ . . .'¡4®
hd
2
i
R
6
. (3.4)
3.2. Electrostatic multipole intergrain interaction
The average value of the direct electrostatic multipole interaction given by (3.2) can be represented
as follows:
©
2
(R)Æ¡kT
µ
A
6
R
6
Å
A
8
R
8
Å
A
10
R
10
Å . . .
¶
. (3.5)
Here, coeﬃcients A
i
(i Æ 6, 8, 10, . . .) are expressed through the average values of square multipole mo-
ments of a cell. To get the “dipole–dipole” contribution, we can follow the authors of work [20] where the
dipole ﬂuid is considered. Thus,
©
2
(R)'¡
2
3
¯
hd
2
i
2
R
6
. (3.6)
The rest contributions to (3.3) and (3.5) require a more detailed analysis and will be considered in a
further paper.
4. Dipole polarizability of a cell
In the previous section, the model potential of intergrain interactionU (R) has been introduced. This
section is devoted to the dipole polarizability ® of a cell. For this purpose, let us consider the reaction of
13502-4
Long-range interaction between dust grains in plasma
electro-neutral cell to an external electric ﬁeld E
0
. The latter polarizes a cell and it gains the polarization
vector PÆ®E
0
. On the other hand, the polarization vector is a dipole moment of the unit cell volume:
PÆ
Z
r ¢½(r)dr, (4.1)
where the volume-charge density ½(r), as it was noted in section 2, is connected with the electrostatic
potential Á(r) by the Boltzmann distribution. In the presence of an external electric ﬁeld (as opposed to
the case considered above) the distributions of ½(r) andÁ(r) lose their spherical symmetry: ½(r)) ½(r,#),
Á(r))Á(r,#).
The boundary conditions (2.4) for the Poisson equation have the following form:
8
>
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>
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Á(rc,#)Æ¡E0rc 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Á(r,#)
r
¯
¯
¯
¯
rÆrp
Æ¡
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r
2
p
ÅE
0
os#.
(4.2)
Corresponding to (4.2), the solution of the linearized Poisson equation in dimensionless variables (2.5)
for the renormalized dimensionless potential ( r ,#)Æ 1ÅeÁ(r,#)/kT has the form
(

r ,#)Æ
0
(

r )Åf( r ,#). (4.3)
Here, 
0
is the isotropic part of ( r ,#), determined by equation (2.6). The angular part f (index “f”
expresses the fact that this part of the potential is due to an external electric ﬁeld) is proportional to os#
and is equal to
f( r ,#)Æ¡

E
0
os#
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,
where E
0
Æ eE
0
rp/kT .
Figure 1. Dimensionless polarizability ®/r 3p as the function of rc/rp.
The volume-charge density in (4.1) obviously connected with the potential ( r ,#) by the relation
½(r,#)Æ¡
kT
4¼er
2
p
1
¸
2
(

r ,#).
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Therefore, after integration and comparing the result with P Æ®E
0
, we obtain
® Æ
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. (4.4)
The dependence of ®/r 3p on rc/rp is shown in ﬁgure 1. Note, that the value of Debye radius ¸ for a cor-
responding Z is determined from equation (2.8). Therefore, polarizability ® also depends on the average
dust grain charge Z . Indeed, one can see that substitution of the potential (4.3) into (2.2) instead of (2.6)
also leads to (2.8), so far as the integration over the angular part gives zero.
5. Fluctuation multipole moments of a cell
In this section we introduce the method which allows one to construct the ﬂuctuation electrostatic
ﬁeld inside and outside an electro-neutral cell. Moreover, a ﬂuctuation dipole moment is obtained and
the main contribution to the attractive part of inter-grain potential is presented in explicit form. The ﬂuc-
tuation theory of electrostatic ﬁeld for the case of ellipsoidal cells will be the subject of a separate report.
5.1. Principles of construction of the ﬂuctuation electrostatic ﬁeld
The electrostatic ﬁeld deviates from its equilibrium value described in section 2 due to ﬂuctuations.
Thus, let us consider two areas: inside (interior) and outside (exterior) a cell. We assume that the poten-
tials of the ﬂuctuation electrostatic ﬁeld in the interior and exterior, Á0
in
(r) andÁ0ex(r), respectively, satisfy
the linear equations of the same type as the averaged potential Á
0
(r ):
¢Á
0
in(r)¡
1
r
2
D
Á
0
in(r)Æ 0 (5.1)
and
¢Á
0
ex(r)Æ 0. (5.2)
It is supposed that the Laplace equation is proper in the exterior, as far as the whole dust grain charge is
in a cell.
According to the form of equations (5.1) and (5.2), we claim that potentials 0
in
´ eÁ
0
in
/kT and 0ex ´
eÁ
0
ex/kT have the following structure:
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
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(#,')
h
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(1)
nm
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2
(

r /¸)ÅC
(2)
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I
¡n¡
1
2
(

r /¸)
i
(5.3)
(here,C (1)
nm
andC (2)
nm
are the unknown coeﬃcients, I
nÅ
1
2
(x) and I
¡n¡
1
2
(x) are theModiﬁed Spherical Bessel
functions of the ﬁrst and the second kind, respectively) and

0
ex( r ,#,')Æ
1
X
nÆ0
n
X
mÆ¡n

D
nm

r
nÅ1
Y
nm
(#,') (5.4)
(here, coeﬃcients D
nm
Æ eD
nm
/kTr
nÅ1
p are the required multipole moments of a cell). Here, we have
used the dimensionless variables (2.5).
The interconnection between the coeﬃcients C (1)
nm
, C (2)
nm
and D
nm
is determined from the conditions
for continuity of potential and strength of the ﬂuctuation electric ﬁeld on the surface of a cell (see ap-
pendix A):
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(5.5)
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According to the thermodynamic ﬂuctuation theory [21], the average value of square multipole mo-
ments of a cell is
hjD
n0
j
2
i '
kT
Â
n
, (5.6)
where Â
n
are the coeﬃcients in the expansion of ﬂuctuation electrostatic ﬁeld energyW 0
el
:
W
0
el Æ
1
X
nÆ0
Â
n
jD
n0
j
2
. (5.7)
The explicit form of W 0
el
is discussed in appendix B. Thus, the comparison of equations (5.7) and (B.1)
immediately gives us
Â
n
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;
, (5.8)
where the coeﬃcients a
i
(1,n), b
j
(1,n), L
i
(n) and L
j
(n) (i , j Æ 1,2) are determined by equations (A.1) and
(A.2).
5.2. Fluctuation dipole moment of a cell
The dipole moment d of a cell required to determine the dominating contributions to the intergrain
potential (see section 3) is obtained after setting in the expression for multipole moments n Æ 1, i.e.,
jdj ÆD
10
. Therefore, the expressions (A.1) for coeﬃcients a
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2
(

r ,n), b
1
(

r ,n) and b
2
(

r ,n) read as
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and for the mean-square value of a ﬂuctuation dipole moment of a cell, after integration in (5.8) and
Figure 2. The dependence of the ﬂuctuation dipole momentum on the dimensionless radius of a cell rc/rp.
after a simple calculation, we have
hjD
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i Æ 16¼&
2
¸
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(5.9)
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Let us consider the result obtained.
The mean-square value of a ﬂuctuating dipole moment decreases when the dust grain charge in-
creases (see ﬁgure 2). Note, that this result is correct for charges Z /Z
0
that are not very small. This limit
is due to a general restriction on our approach: rD Ç rc. The case rD È rc corresponds to a rareﬁed gas,
and thus the distribution functions for low-density plasma should be used.
Figure 3. The dependencies of ©
1
/kT and ©
2
/kT on the average intergrain distance R/rp (in units of the
radius of a grain). Left: the case of Z/Z
0
Æ 3. Right: the case of Z/Z
0
Æ 4.
The dipole-dipole contributions to the attractive part of interaction potential [equations (3.6) and
(3.4)] are presented in ﬁgure 3. One can see that for small charges, the contribution ©
2
exceeds the con-
tribution©
1
at small intergrain distances. With an increase of the dust grain charge, the polarizability of
a cell (4.4) increases (see ﬁgure 1), and the contributions ©
1
and ©
2
become comparable. These contribu-
tions together, ©
1
Å©
2
, lead to the formation of a potential well having the depth » kT .
6. Conclusion
The main results and conclusions of this paper are as follows.
(i) The nature of long-range interaction between dust grains in complex plasma is discussed. It is
supposed that plasma is a combination of electro-neutral cells of equal radius (mean-ﬁeld approxi-
mation).
(ii) The main ideas of the ﬂuctuation theory for electrostatic ﬁeld in a cell model are formulated. The
general expressions for ﬂuctuation multipole moments are obtained. The average value of square
ﬂuctuation dipole moment is presented.
(iii) It is shown that the contributions of direct “dipole–dipole” interaction and “dipole–induced dipole”
interaction form the potential well having the depth » kT . Multipole contributions of higher order
lead to a further deepening of this well.
In molecular liquids, the attraction is determined by dispersion forces which decrease as 1/R6. The
interaction between electro-neutral cells is similar to that in liquids. Thus, we expect that the grains in
complex plasma form quasi-crystal structures like themolecules of argon in the transition to a solid state.
The mechanism of ordering for solid argon is scrupulously considered in work [22]. A detailed analysis
of the proposed potential will be the subject of a further work.
It is necessary to note that “plasma atom” is not fully similar to electroneutral molecules: it is more
“soft”. Thus, the use of a mean ﬁeld approximation is incorrect for some problems. The characteristic
example here is a problem of charge oscillations in dusty plasma. To determine the interaction potential
between “plasma atoms”, we consider charge ﬂuctuations which is also out of the mean ﬁeld approxima-
tion. However, these ﬂuctuations are small compared to the mean ﬁeld proﬁle of a charge as for the case
of charge ﬂuctuations generating disperse forces in molecular liquids.
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A. Fluctuation electrostatic ﬁeld inside a cell
By substituting the expressions (5.3) and (5.4) in the continuity conditions (5.5), we get the following
combined equations:
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(A.1)
For coeﬃcients C
(1)
nm
and C
(2)
nm
, we obtain
8
>
>
<
>
>
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(1)
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Æ L
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(n)

D
nm
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1
(n)Æ
1
&
nÅ2
¢
&b
2
(&,n)Å (nÅ1)a
2
(&,n)
a
1
(&,n)b
2
(&,n)¡a
2
(&,n)b
1
(&,n)
,
C
(2)
nm
Æ L
2
(n)

D
nm
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2
(n)Æ¡
1
&
nÅ2
¢
&b
1
(&,n)Å (nÅ1)a
1
(&,n)
a
1
(&,n)b
2
(&,n)¡a
2
(&,n)b
1
(&,n)
.
(A.2)
Thus, the ﬂuctuation potential in the interior (5.3) can be represented as follows:

0
in( r ,#,')Æ
1
X
nÆ0
n
X
mÆ¡n
Y
nm
(#,')
2
X
iÆ1
L
i
(n)a
i
(

r ,n)

D
nm
. (A.3)
B. Energy of ﬂuctuation electrostatic ﬁeld
The energy of ﬂuctuation electrostatic ﬁeld is determined either by a ﬁeld in the interior or by a ﬁeld
in the exterior:
W
0
el Æ
1
8¼
Z
Vin
£
rÁ
0
in(r)
¤
2
drÅ
1
8¼
Z
Vex
£
rÁ
0
ex(r)
¤
2
dr,
where Vin and Vex are, respectively, the volume occupied by the electrons inside a cell and by the volume
outside a cell.
Sequentially using the transformation (rÁ)2 Æ r(ÁrÁ)¡Á¢Á, equation (5.2) and continuity condi-
tions (5.5), we obtain
W
0
el Æ¡
1
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2
4
I
rÆrp
Á
0
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Á
0
in
r
r
2
d­Å
1
r
2
D
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Z
rp
(Á
0
in)
2
r
2
dr
3
5
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or, in dimensionless variables (2.5) and using the explicit form (A.3),
W
0
el Æ¡
1
8¼
1
X
nÆ0
8
<
:
[
L
i
(n)a
i
(1,n)
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¢
£
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j
(n)b
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(1,n)
¤
Å
1
¸
2
&
Z
1
[
L
i
(n)a
i
(

r ,n)
℄
2

r
2
d

r
9
=
;
jD
n0
j
2
r
2nÅ1
p
. (B.1)
Here, the summation over indexes i , j Æ 1,2 occurs.
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Long-range interaction between dust grains in plasma
Далекосяжна взаємодiя мiж пилинками в плазмi
Д.Ю.Мiшаглi
1 Кафедра теоретичної фiзики, фiзичний факультет, Одеський нацiональний унiверситет iменi
I.I. Мечникова, вул. Дворянська 2, Одеса 65026, Україна
2 Iнститут теоретичної фiзики, Унiверситет Лейпцига, 04109 Лейпциг, Нiмеччина
Обговорено природу далекосяжної взаємодiї мiж пилинками в плазмi. Ґрунтуючись на комiрковiй моделi
запиленої плазми, запропановано потенцiал взаємодiї мiж пилинками. Притягальну частину потенцiалу
взаємодiї представлено у виглядi мультипольної взаємодiї мiж двома електронейтральними комiрками.
Це дозволило нам провести аналогiю з молекулярними рiдинами, де притягання мiж молекулами визна-
чається дисперсiйними силами. Також сформульовано основнi iдеї теорiї флуктуацiй електростатичного
поля в межах комiркової моделi та обчислено головний внесок в притягальну частину потенцiалу взає-
модiї.
Ключовi слова: запилена плазма, пиловi кристали, комiркова модель, потенцiал взаємодiї, флуктуацiї
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